With the great advances in ancient DNA extraction, population genetics 5 data are now made of geographically separated individuals from both present 6 and ancient times. However, population genetics theory about the joint ef-7 fect of space and time has not been thoroughly studied. Based on the clas-8 sical stepping-stone model, we develop the theory of Isolation by Distance 9 and Time. We derive the correlation of allele frequencies between demes 10 in the case where ancient samples are present in the data, and investigate 11 the impact of edge effects with forward-in-time simulations. We also derive 12 results about coalescent times in circular/toroidal models. As one of the 13 most common way to investigate population structure is to apply principal 14 component analysis, we evaluate the impact of this theory on plots of prin-15 cipal components. Our results demonstrate that time between samples is a 16 non-negligible factor that requires new attention in population genetics.
these three steps,
m 1 2 (p(k−1)+p(k+1))+ m 2 2 (p(k−2)+p(k+2))+· · ·+ (k).
(1) To simplify the notation, we define the operators S and L, 101 Sp(k) =p(k + 1), S −1p (k) =p(k − 1),
so that, 103p (k) = Lp(k) + (k).
The quantity of interest in this model is the correlation of allele frequen-104 cies between two demes at locations k 1 and k 2 . Let r(k) be the correlation 105 coefficient of allele frequencies between populations that are k steps apart. 106 Assuming equilibrium, we have 107 r(k) = ρ(k)
where ρ(k) is the covariance in frequencies in demes k steps apart. The 108 mathematical treatment of equation (5) by Weiss and Kimura (1965) using 109 the spectral representation of a correlation (Doob, 1953) gives the general
where C is the normalizing constant. 
and the constant C is set such that r(0, 0) = 1 (Appendix B).
139
This equation reduces to can be calculated and is notable for its size and lack of utility (Appendix 143 C). 144 One noteworthy feature of equation (10) is that the decay of the cor- already known in the spatial context (see equation (7)) (Kimura and Weiss, So far, we have focused on the 1-Dimensional case for the sake of simplicity. 159 However, it is important to investigate the decay in higher dimensions as it 160 is common in practice to have samples taken from a 2-Dimensional or even 161 3-Dimensional habitat. The general formula for the correlation in higher 162 dimensions can be obtained with no more theoretical development. In their 163 work on the stepping-stone model, Kimura and Weiss derived a general for-164 mula for the correlation that can be extended to any number of dimensions.
165
In their work they only gave approximations for 1, 2 or 3 dimensions as these 166 are the practical cases. Using general formula (3.11) of Weiss and Kimura 167 (1965), we can write the correlation 10 in 2 dimensions
The generalization to obtain the correlation in n dimensions is straight-169 forward (Appendix D).
170
We perform a numerical integration of equation (12) to investigate the 171 decay of correlation with distance and time in one dimension and higher.
Correlation decreases as a function of distance and time in 1, 2 and 3 dimensional models (Figure 1 ). In addition, for equal values of the migration and mutation rates the correlation decrease is much larger with respect to 175 time and geography in higher dimension models, consistently with previous 176 results (Maruyama, 1970a (Maruyama, , 1971a . Numerical integration is done using the 177 R package cubature. imity of the edge of the sampling scheme (Maruyama, 1970b) . Another 182 effect of the finite number of demes is that the overall allele frequency can 183 drift away from the theoretical allele frequency. An alternative is to con-184 sider a finite, non-circular model, and to deal with edge issues independently 185 (Felsenstein, 2015) . To investigate to which extent the analytic theory de-186 veloped in the previous section is valid in a finite stepping-stone model with 187 temporal sampling, we perform simulations. In the 1-Dimensional case, we simulate 100 demes. For the 2-Dimensional 206 case, we simulate a total of 2500 demes on a 50 × 50 grid. We assume all 207 the demes have the same effective population size. We sample the allele 208 frequencies at several times in the past. Correlation between demes fit very 209 closely the theory of equations (11) and (12) provided that demes are taken 210 sufficiently far away from the edge of the grid (Figure 2 ). The edge effect 211 directly increases the correlation between demes, and is present when com-212 paring present and ancient samples. In both 1 and 2 dimensions, the edge 213 effect disappears in the simulations (Figure 3 ). As predicted by Maruyama, 214 the edge effect is less strong with lower migration rates. 215 assumptions. In particular, we consider a case with migration only between 219 neighboring demes and low mutation rate. Expected coalescence times be-220 tween genes that are in different demes is a function of the locations of these 221 demes. These coalescence times are of interest because they closely related 222 to F ST and coefficients of identity-by-descent (Slatkin, 1991) . Under the 223 assumption of a circular 1-Dimensional stepping-stone model with n d demes, 224 two genes A 1 and A 2 have an expected coalescence time
where N e is the effective population size per deme, m the migration rate 226 between neighboring demes (previously m 1 ), and k is the distance between 227 the two demes (Slatkin, 1991) . Considering a circular arrangement of the 228 demes makes the analysis simpler, as only the distance between the demes 229 matters, and there are no edge effects. In addition it has been shown that 230 linear/planar and circular/toroidal stepping stone models are very similar 231 when considering population away from the edges (Maruyama, 1971a,b) . To 232 study a case similar to the infinite stepping-stone model, we assume n d is 233 large.
234
We extend the previous theoretical result in the case where two genes 235 are sampled at different times. Let us assume that the sampled genes are in 236 population k 1 and k 2 . The number of generations between the two sampling 237 times is t = t 1 − t 2 , and we assume, with no loss of generality, that t 1 = 0 238 and t 2 = t generations in the past. The coalescence process between these 239 two genes can be divided in three phases. The first phase corresponds to 240 the genealogy that traces back to the ancestor of the present gene, called 1 and A 2 are in the 244 same deme, then the time to the common ancestor of these two genes. This 245 part has already been described, and the expectation is given in equation
246
(13) (Slatkin, 1991) . The expected coalescence time between A 1 and A 2 is 247 then written
The variable T A (t) 1 A 2 is the coalescence time between a random gene in 249 the unknown population k (14) as
To describe the probability distribution of position k (t) 1 at time t given 254 that a gene is in population k 1 at time 0, we consider a random walk with 255 transition matrix
Using standard results about Markov chains (Ross et al., 1996) , we know 257 that the vector of probabilities for the position at time t, P k (t)
with P k 1 is the initial probability distribution of gene A 1 's position. The 260 initial probability distribution is trivial and P k 1 is a vector of 0 with a 1 261 in the k th 1 entry. Exact formula for this matrix power can be obtained 262 using tridiagonal matrix properties (Al-Hassan, 2012). However we can also 263 express an approximation for the probability distribution of this process 264 at time t. This random process is symmetrical, centered in k 1 , and using 265 classical results about Brownian motion, has a variance proportional to t. 266 We can approximate the probability distribution by a Normal distribution, 267 and 268 P (k
equation (17). The approximation is relevant for sufficiently large values 270 of t, depending on the migration rate. The expected coalescence time in a 271 1-Dimensional circle can then be written
dx.
(19) Coalescence time between genes is an increasing function of distance In the case of a 2-Dimensional habitat with n d1 × n d2 demes, the expected 284 coalescence time between two genes A 1 and A 2 is
where S(i, j) is a function of i and j, the number of demes between the two 286 genes. We assume in this case that the migration in each direction is the 287 same.
288
Using the same conditioning as in equation (14), we can derive the ex-289 pectation for the coalescence time of genes A 1 in population k 1 and A 2 in 290 population k 2 , t generations in the past. We have
The probability distribution of the position of gene A 1 at time t, k habitat.
440
A stepping-stone model is not the only model to describe spatial popula-441 tion structure. As an alternative to discrete models, continuous models can 442 also be considered to study evolutionary processes (Maruyama, 1972; Bar-443 ton et al., 2002 Bar-443 ton et al., , 2010 . Isolation-by-Distance-and-Time can be studied in a continuous framework. In the same way, results about coalescence times in 445 a stepping-stone model can be connected to previous theory on coalescence 446 in a continuous population (Wilkins and Wakeley, 2002) . 
In the case where the demes are also separated by t units of time, we define
and in the particular case of t = 1,
457
By induction, we show that for any value of t > 0 458 ρ(k, t) = L t ρ(k).
Let's assume that for a time t > 0 equation (24) is true,
460
Then to obtain the correlation of allele frequencies r(k, t) between two 461 demes, we have ρ(0, 0) = ρ(0) and
expression in equation (6) we have,
467
It is now demonstrated that
where for the convenience of the notation we denote
In the particular case of t = 1 we have 470
Now assuming that formula (26) holds for any value t > 0, we have
474
We can conclude by induction that formula (26) is true for any positive t.
475
Then, using equation (26), a general formula for r(k, t) can be expressed
Constant C is set such that r(0, 0) = 1. We do not analytically inves-477 tigate this constant, however details about the case t = 0 can be found in Let's assume the particular stepping-stone model: m 1 cos(θ) . Now the correlation between 2 demes k steps appart and t generations is
The fraction can be decomposed in two parts r(k, t) = C/(2π)(A 1 (k, t) + A 2 (k, t)) using partial fraction expansion, where
. Let α = (1 − m 1 − m ∞ )/m 1 , we can expand A 1 and A 2 ,
To get rid of the integral, we can use the fact that 
This leads us to the expressions for A 1 and A 2 ,
The 2-Dimensional case of the analysis can be detailed by changing the operators L and S. We note the cartesian coordinates of each deme with the couple (i 1 , i 2 ), and we define the operators S 1 and S 2 such as S 1p (i 1 , i 2 ) =p(i 1 + 1, i 2 ) and S 2p (i 1 , i 2 ) =p(i 1 , i 2 + 1).
The operator L in two dimensions becomes
where m i 1 i 2 is the migration rate between demes separated by i 1 and i 2 steps. The correlation in 2 dimensions can be written using the spectral decomposition and for two demes we have r(k 1 , k 2 , 0) = C 2 (2π) 2 2π 0 2π 0 cos(k 1 θ 1 )cos(k 2 θ 2 )dθ 1 dθ 2 1 − ( ∞ i 1 ,i 2 =0 m i 1 i 2 cos(i 1 θ 1 )cos(i 2 θ 2 )) 2 for two populations that are separated by k 1 and k 2 steps at the same generation. Using the same trigonometric properties as in appendix B, we have L t cos(k 1 θ 1 )cos(k 2 θ 2 ) = [ i1 i2
(m i 1 i 2 cos(i 1 θ 1 )cos(i 2 θ 2 ))] t cos(k 1 θ 1 )cos(k 2 θ 2 ) and m 00 = (1 − i 1 i 2 m i 1 i 2 − m ∞ ). As a consequence, the correlation of allele frequencies in 2 dimensions between two populations separated by k 1 and k 2 steps, and t generations is
∞ i 2 =0 m i 1 i 2 cos(i 1 θ 1 )cos(i 2 θ 2 )] t cos(k 1 θ 1 )cos(k 2 θ 2 )dθ 1 dθ 2 1 − ( ∞ i 1 =0 ∞ i 2 =0 m i 1 i 2 cos(i 1 θ 1 )cos(i 2 θ 2 )) 2 .
To go further, and especially investigate the 3-Dimensional case that can be relevant in practice, it is possible to extend the calculations in ndimensional models, where two populations are separated by t generations and a vector of steps (k 1 , . . . k n ). Redefining the operators S and L, we can show that the correlation is r(k 1 , . . . , k n , t) = C n (2π) n 2π 0 . . . [ ∞ i 1 ,in=0 m i 1 ...in cos(i 1 θ 1 ) . . . cos(i n θ n )] t cos(k 1 θ 1 ) . . . cos(k n θ n )dθ 1 . 1 − ( ∞ i 1 ,...in=0 m i 1 ...in cos(i 1 θ 1 ) . . . cos(i n θ n )) 2
We detail the case where two groups are present in the data, the present 491 demes and the ancient deme. The quantity ∆ is the time for two genes in 492 different groups to be in the same group. In the case where there is one 493 ancient deme k 2 and one present deme k 1 , using equation (19) we have
2m 1 t dx.
495
In the practical case we consider several present time demes 1 . . . n p , 496 and one ancient deme. The expectation of ∆ has to be conditioned by the 497 probability that A 1 is in a given present population k 1 .
498
Since we consider a stepping-stone model where all the populations have 499 the same effective population size, we have p(k 1 = j) = 1/n p , j = 1 . . . n p . 500
